In this paper we obtain criteria of stability for T^-Einstein If-contact manifolds, for Sasakian manifolds of constant (^-sectional curvature and for 3-dimensional Sasakian manifolds. Moreover, we show that a stable compact Einstein contact metric manifold M is Sasakian if and only if the Reeb vector field £ minimises the energy functional. In particular, the Reeb vector field of a Sasakian manifold M of constant yj-holomorphic sectional curvature +1 minimises the energy functional if and only if M is not simply connected.
INTRODUCTION Let (M,g) be a compact Riemannian manifold. The identity map I<LM : (M,g) -»• (M, g
) is a harmonic map; that is, a critical point of the energy functional. Following Nagano [15] , the Riemannian manifold M is said to be stable if the identity map is stable, that is, the second variation of the energy functional at ICLM is non-negative, otherwise M is said to be unstable. Smith [20] 
proved that: if(M,g) is a compact Einstein manifold of dimension n, then M is stable if and only if
Xi > (2r/n), where Ai is the first eigenvalue of the Laplace-Beltrami operator acting on functions and r is the scalar curvature. Others results on the stability of M in terms of X x can be found, for example, in [10, 2 1 , 23, 24] . Moreover, in [20] , it was proved that every holomorphic map between Kaehler manifolds is stable, in particular a compact Kaehler manifold is stable (see also [15] ). Even if many concepts of Kaehlerian geometry have their correspondences in Sasakian geometry, in the theory of the harmonic maps in Sasakian geometry, and more in general in contact metric geometry, we still have few results ([4, 10, 14] ). From the instability theorem of Xin (see, for example, [25, p.162] ) follows that the unit sphere 5 n , n = 2 m + l ^ 3, which is a classical example of Sasakian manifold, is unstable. Concerning the study of the stability of a contact metric manifold, we know only the following result ([10, On the other hand, in the last ten years, the theory of the harmonic unit vector fields, namely the unit vector fields U : (M,g) -> (T 1 Af,5,), g, being the Sasaki metric, which are critical points of the energy functional E defined on the set X 1 (M) of all unit vector fields, has been largely developed by many authors (see, for example, [26, 29, 11, 16, 17] and the references in [12] ). Brito [8] proved that the Hopf vector fields on the unit sphere S 3 are the unique absolute minimisers of the energy functional E : X l (S 3 ) -> R. Wood [29] (see also [11] . In general, in dimension greater than three, to our knowledge, there are no examples of unit vector fields which realise an absolute minimum for the energy and neither criteria of existence of minima for the energy (see [12, 18] ).
In this paper we investigate the stability of a compact contact metric manifold (M, g, T), £) in terms of the first eigenvalue /ii of the Laplacian acting on 1-forms and in terms of stability of the Reeb vector field f. As a consequence of more general results, we obtain criteria of stability for r^Einstein /f-contact manifolds (Theorem 3. 
where e(f) = ||d/|| 2 /2 is the energy density and ||d/|| is the norm of the differential of / with respect to the metrics g and h. More precisely, / is a harmonic map if (d£'(/t)/d) t =o = 0 f°r every smooth variation f t of /. If / is a harmonic map, the Hessian form of the energy E at / is denned by the second variation formula [20]:
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where V is a vector field along / . The operator Jf, called the Jacobi operator of /, is a second order selfadjoint elliptic differential operator acting on the space V(f~1TN) of the vector fields along / , and is defined by 
Q is the Ricci operator and Ja = A -Q is the Jacobi operator of the identity map. The graph of the identity map is the diagonal of M x M, which is a minimal submanifold. Then, Nagano [15] proved that M is stable, (that is, the identity map id M is stable), if and only if the diagonal in M x M is stable as minimal submanifold. In particular a compact Kaehler manifold is stable (see also [20] ). 
STABILITY OF T;-EINSTEIN CONTACT MANIFOLDS
The scalar torsion ||r||, r = C^g, introduced in [9] , and the tensor h are related by r = 2g(h<p-, •). M is said to be K-contact if f is a Killing vector field, that is, r = 0, or equivalently h = 0. Moreover M is said to be a Sasakian manifold if
Any Sasakian manifold is K-contact and the converse also holds when the manifold is of dimension three. For further information about contact metric geometry we refer to [2] . From now on we denote by ^i the first eigenvalue of the Laplacian Ai acting on 1-forms. We recall that Ai also acts on vector fields via duality and it is related to the rough Laplacian A and the Ricci operator Q by the well-known Wietzenbock's formula (see, for example, [1, p. 57]) Further, using (3.1), (3.7) and (3.11), we can write (3.14)
Perrone and L. Vergori [6] if the scalar curvature satisfies the inequality
Therefore, by (3.6), (3.13) and (3.15), we obtain at once the following the Einstein constant of (M,g) and so, by the above (iii) If £ is a Killing vector field, then r = 0 and so, by means of (ii), we get that M is stable if and only if pi = 4ma. 
U is called a harmonic vector field if it is critical for the energy functional E : X 1 (M) -» R. The corresponding critical point condition has been determined in [26, 29] and is given by:
AU is collinear to U.
When U is a harmonic vector field, the Hessian form at U (of the second variation formula) takes the form [26, 11] 
If £ is unstable, then M is unstable.
Boyer, Galicki and Matzeu [6] study rj-Einstein geometry as a class of distinguished Riemannian metrics on contact metric manifolds. In particular they show that there are many compact 7^Einstein Sasakian manifolds. We recall that a compact 7^Einstein K-contact manifold with scalar curvature r > -2m is Sasakian (see Boyer and Galicki [5] 
(ii) HI < [10] The unit sphere 5 2 m + 1 is an example of Sasakian space of constant sectional curvature +1. We denote by (770,00) the standard Sasakian structure on S 2m+1 . Let (M, g) be an odd dimensional compact Riemannian manifold of constant sectional curvature +1. Then, {M,g) is a spherical space form (S 2 m + 1 /r,$), where T is a finite subgroup of O(2m + 2) in which only the identity element has +1 as an eigenvalue, and g is the Riemannian metric on the quotient space 5 2 m + 1 /r induced by g Q . The unitary group U(m + 1) can be considered as the subgroup of all elements of O(2m + 2) which preserve 770, and F is conjugate in O(2m + 2) to a subgroup of U(m + 1), then M inherits a contact 1-form 77 from TJ 0 (Wolf [28] ). Since the metric g is induced from g §, then (77, g) is a Sasakian structure on the spherical space form M (Tanno [22, 
EXISTENCE OF MINIMA FOR THE ENERGY E\ x i( M)
Brito [8] proved that the Hopf vector fields on the unit sphere S 3 , that is, the unit vector fields tangent to the fiber of any Hopf fibration, are the unique minimisers of the energy functional E : X l (S 3 ) -> R. In particular they are stable. On the other hand, S 3 is unstable, so the converse of Theorem 3.3 (iii) is not true. However, the Hopf vector fields on the unit sphere 5 2 m + 1 , m > 1, are unstable ( [29, 11] ). Besides, to our knowledge, in dimension > 3, there are no examples of unit vector fields which realise an absolute minimum for the energy and neither criteria of existence of minima for the energy (see [12, 18] ). Theorems of Section 3 give results for which the instability of the Reeb vector field implies the instability of the contact metric manifold, or, equivalently, the stability of the contact metric manifold gives the stability of the Reeb vector field. So, it is natural to study the existence of minima for the energy E\x*(M) when M is a stable compact Riemannian manifold. Urakawa [23] classified all the compact simply connected irreducible Riemannian symmetric spaces which are stable (such spaces are in particular Einstein).
In this section we discuss the existence of minima for the energy E : X 1 (M) -* R, where (M, g) is supposed to be a stable compact Einstein manifold of dimension n, p = Kg. Since M is stable, by (2.4), we have 7) is the volume of the corresponding submanifold U(M) of (T 1 M, g,). U is said to be minimal if it is a critical point of the functional vol: X 1 (M) -¥ R. The study of the volume of unit vector fields begins with the pioneering work of Gluck-Ziller [13] , where the motivation was to find the optimal unit vector fields on the unit sphere S 3 . They proved that unit vector fields of minimum volume on S 3 are precisely the Hopf vector fields, equivalently the unit Killing vector fields, and no others. For more details and the state of the art for the minimality of unit vector fields, we can refer to the survey [12] . The Reeb vector field £ of a compact Sasakian manifold is minimal, concerning its stability Borrelli [7] proved that if £ is E-stable, that is, stable with respect to the energy, then there exists a number k 3 
